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Abstract 
 
For service providers, uncertain demand for capacity and expansion lead time may create unavoidable capacity 
shortages, which may be allowed to accumulate before initiating an expansion. For the demand following a 
geometric Brownian motion process, we assume a stationary expansion policy where the timing and size of 
expansion are determined as fixed proportions of the capacity position. We define the service level in terms of the 
capacity shortages, which can be evaluated by applying pricing formulae for barrier options in finance. We observe 
the relationship between the two policy parameters at different specified service levels and for other model 
parameters.  
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1. Introduction 
Capacity expansion is the addition of facilities to keep up with the increasing demand. The goal is to find the 
optimal sizes and times of expansion under given conditions. The problem is complicated in cases where the 
demand is stochastic and where capacity cannot be added instantaneously, meaning there is some lead-time present. 
This paper formulates a model for such a case in which we assume a fixed lead-time and a random demand.  
 
The capacity expansion problem has been widely researched.  Manne [1] proposed a model to decide the size of 
each expansion in the case where the demand follows random-walk pattern; also the effects of economies of scale 
and penalties for demand not being satisfied were considered in the model. Whitt [2] developed the Whitt-Luss 
utilization formula for the capacity expansion problem where the demand is stochastic. In the current paper, we 
extend this analysis for the case where the capacity expansion starts with initial shortages and there is a fixed lead 
time for expansion. Chaouch and Buzacott [3] examined the same problem as in Buzacott and Chaouch [4] with 
consideration of lead time. They also considered two cases, where the capacity addition started before and after the 
current capacity is reached. Our paper is similar to the work of Chaouch and Buzacott [3] in the sense that we also 
consider initializing the capacity expansion after certain deficit has been accumulated; only the demand process 
considered in our model is different. A generalization of Brownian motion demand was considered by Bean Higle 
and Smith [5], where demand was assumed to be following either a transformed Brownian motion process or a semi-
Markovian birth and death process. They showed that the problem can be transformed into an equivalent 
deterministic problem and that the effect of the probabilistic nature of demand is to reduce the interest rate. This 
result was extended in Ryan [6] with consideration of fixed lead-time. In this model, the demand was assumed to be 
following a geometric Brownian motion process and a timing policy was developed to provide a specified level of 
service. It was showed how the parameters of the timing policy could be obtained numerically using some of 
concepts of financial options pricing. Our paper is a further extension of this model. While Ryan’s model assumed 
that the next capacity expansion starts before the installed capacity level is reached, in this paper we consider a case 
where the next expansion is started only after accumulation of some shortages.  
 
This situation can be compared to the barrier options in the world of finance. In particular, the value of an up-and-
out call option is mathematically similar to the expected shortage considered in this paper. Heynen and Kat [7] 
discuss some of the important results about barrier options when the Brownian motion and its maximum are tracked 
over different time intervals.  
 
In this paper, we record the service level in terms of the average capacity shortages per unit time. A detailed study of 
service levels for inventory models was carried out by Klemm [8]. Rigorous definitions for the three types of the 
service level viz. a, b, g service levels were given for (s , S) and (r, Q) type inventory models. Further mathematical 
calculations for each type of service level and its effect on the order points in the various inventory models was done 
by Schneider [9].  
 
 
 
As stated earlier, this paper builds on the variables and environment analyzed in Ryan. We start the paper by 
describing all the variables and notations used in Section 2. Here we also describe the basic model for this paper. 
Section 3 discusses the expression for the shortages in terms of the policy parameters. We present our numerical 
analyses in Section 4 and concluding remarks in Section 5.  
 
2. Model 
As our model is similar to Ryan [6], we will use consistent notation. Let B(t) be a Brownian motion having drift m 
and volatility 2s  with 0)0( =B . Demand for the product or service is given by the geometric Brownian motion 
(GBM) process )()0()( tBePtP = . As P(t) is a GBM process, for any values of k and t given P(t), the ratio 
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sg mº +  as the mean (exponential) growth rate of the demand. Marathe and Ryan [10] empirically verified 
the fit of the GBM process to historical data series for usage of airline and electric power capacity. 
 
We assume that capacity additions occur at discrete time points and that a fixed lead time of L time units is required 
to install new capacity. The problem is to choose a sequence { ( , ) , 1 }n nT X n³ , where Tn, the time when the n
th capacity 
expansion starts, is a stopping time with respect to the Brownian motion B(t) and Xn is the n
th increase in capacity. 
For any realization w of the Brownian motion B(t), let )(wnn Tt º .  Let Kn be the installed capacity after n additions 
are completed, where the initial capacity is 0K . Then, 
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The capacity position at time t is given by, 
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We assume that the policy proposed by Whitt and Luss for the same demand function is modified to account for the 
lead times and to allow planned shortages to occur.  Whitt [2] showed that, without lead times, their policy results in 
a stationary distribution for the capacity utilization and provided a simple formula for its expected value.  In the 
Whitt-Luss policy, each new expansion occurs when demand reaches some fixed proportion (< 1) of current 
capacity, and after its instantaneous addition, the new capacity is a constant proportion of its previous value.  In this 
paper, we assume that each expansion occurs when demand reaches some fixed proportion, p, of the capacity 
position, and Kn = vKn-1, where v > 1.  Ryan [6] showed that for p < 1 with fixed lead times, the value of p  to attain a 
specified service level can be found by using the Black-Scholes formula for pricing a European call option.  
Moreover, assuming this timing policy is followed, the expansion size policy minimizes the infinite horizon 
discounted cost under a widely used expansion cost function that reflects economies of scale.  In this paper, we 
consider the case where 1p ³ . 
 
The policy assumes that ever-increasing increments of capacity can be installed within the same lead time to keep 
pace with exponentially growing demand. This assumption is most reasonable in industries where capacity 
bottlenecks are caused by facilities subject to continuous technological improvement, such as those that rely on 
information and communications technology.  However, it may hold in more traditional situations as well.  For 
example, Lieberman [11] found that the Whitt-Luss policy provided the closest fit among several alternatives to the 
 
 
capacity utilization in an empirical study of the chemical product industry.  Over at least two decades, total output 
grew by an average of 6.2% per year, and the mean size of expansion increments translated to a value of v = 1.09 at 
the plant level. 
 
Figures 1 and 2 illustrate the policy and potential shortages seen at the realized time tn, when demand first equals 
pKn-1. The n
th capacity expansion has just started. With this expansion, the total installed capacity will reach level Kn 
after the lead time L. As stated earlier, we model the situation wherein the manufacturer waits until certain amounts 
of capacity shortages are accumulated before starting the next expansion project. This “certain amount of shortages” 
is represented by the decision variable 1, ³pp . Hence, since the new capacity position is Kn, the next expansion 
would start at the time when the demand P(t) first reaches the position pKn. Since the demand process is stochastic, 
this time for starting the next expansion (Tn+1) is a random variable. The second decision parameter is the size of 
each expansion 1n nv K K+= .  
 
 
 
Figure 1. Capacity expansion policy when the expansion starts after the end of the current expansion cycle. 
 
 
 
Figure 2. Capacity expansion policy when the expansion starts before the end of the current expansion cycle. 
 
It is natural to define a cycle as the time interval from the end of one lead time to the end of the next, so that the 
actual capacity is constant over the cycle.  For a generic cycle, we formulate a service measure akin to the fill rate 
used in periodic [12] and continuous review [8, 13], inventory models.  The cycle length may be less than, equal to, 
 
 
or greater than L, depending on whether successive lead times overlap.  At a generic expansion epoch nt , the 
decision maker knows ( ) 1n nP t p K-=  and wishes to predict the service level over the interval [ )1,n nt L T L++ + .  
Schneider [9] defines the b service level as the fraction of demand not being lost or backordered, which is relevant 
for lost sales or proportional backorder costs.  Here, the proportion of demand that is satisfied is 
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where the expectation is taken with respect to time tn.  As is commonly done in inventory models [13, 14], we 
employ a series of approximations to obtain a tractable service measure. 
 
First, since the closest known value for demand during the cycle is ( )1n nP T p K+ = , we approximate the denominator 
as ( ) ( )1 1
n
n
T L
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» -ò .  Second, we approximate the expected value of the ratio as the ratio of expected 
values: 
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3. Mathematical Analysis 
As done in [2] for capacity utilization, our goal here is to express the average shortages in terms of the decision 
variables viz. the timing and size parameter. The expression can be used to obtain the values for the decision 
variables that achieve a given service level, or estimate the service level for given values of the decision parameters.  
 
From equation (1), the total expected shortage for the next cycle assuming that we know the demand and capacity at 
time tn is (numerator of the equation (1)): 
                                                        
1
( ( ) )
1   I(())1,
n
n n
n
T L
t n P t K
t L n
E P t K d t
K
+ +
³
+
é ù
= -ê ú
ê úë û
ò                                                      (2) 
( ) ( )where 1 is indicator function such that 11 if  is true and 
                                                                  0 otherwise.
x x x=
=  
 
The above integration can be solved by comparing the shortages to the barrier option scenario in the finance world – 
particularly, the up-and-out call option. Heynen and Kat [7] give the analytical equation for Up-and-Out Call option. 
After simplifications, the integral I of equation (2) becomes:  
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where ( , , )x yy r is the bivariate normal distribution function for variables X and Y with coefficient of correlation r. 
Hence,  
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For complete mathematical treatment of the above equation please refer to the full version of this paper [15].  
 
Unlike the timing policy in Theorem 1 of [6], the average shortage in our model depends on both decision variables, 
which is similar to the case in [2] where the capacity utilization was dependent on the timing and size parameters.  
 
4. Results 
In addition to the timing and size parameters, the average shortage (1-b) also is affected by other parameters in the 
model, viz. length of the lead time, the drift and volatility factor of the demand process, etc. The following plots 
show the effect of each parameter on the average shortage. While analyzing the effect of any particular parameter on 
the shortages, the values of other parameters were kept constant. 
 
Figure 3 depicts the effect of the parameter p on the values of the average shortage, i.e., given the value of the 
variable p on the x-axis; the plot gives the value of the corresponding shortages, for a given value of the size 
parameter (v). The values of the other parameters are v  = 1.1, s = 15%, m = 8%, and L = 2 years. As expected, to 
achieve the target of low average shortage during the expansion cycle, the manufacturer should start the expansion 
project with low initial shortages. Also the average shortages are reduced by increase in the volatility of the demand 
process. In contrast, an increase in the drift parameter of the demand process causes the average shortage to increase. 
It was also found that the average shortages increase with the length of the lead time.  
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Figure 3. Effects of p and other variables on the average shortage. 
 
Figure 4 tells the story of the second decision variable v and its relationship with our other decision variable p. In 
Figure 4, the values for the decision variable v, is plotted for different scenarios. For the base case, we assume that p 
= 1.05, s = 0.2, m = 0.08, L = 2 years and the average shortages are held at 5% of the current capacity level. If we 
delay the start of capacity expansion project (increase the value of p), then to maintain the same average shortage we 
have to increase the size of each expansion. Also, if the allowable shortages are increased, as expected, the required 
size of each expansion reduces. It was also seen that for increase in the volatility, the size parameter decreases for 
the same level of average shortage. Similarly, increase in lead time would force us to increase the size parameter to 
achieve the same target average shortage.     
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Figure 4. Relationship between size and timing parameters. 
 
5. Conclusion 
Random demand combined with the presence of expansion lead times increase the criticality of the capacity 
expansion problem and this may lead to unavoidable initial capacity shortages. Another motivation to delay the 
expansion could be to allow additional observation of the uncertain demand before initiating the expansion.  We 
have modeled one such case when capacity shortages were defined as a proportion of the existing capacity. Using 
the concepts from financial option pricing, an analytical expression for the capacity shortages was found in terms of 
the timing and size parameters of the expansion. We found out that as we allow more shortages, the size of each 
expansion project decreases; whereas if we delay the expansion project, the resulting size of expansion to maintain 
the specified level of shortages increases.  
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